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1. INTRODUCTION
In this paper we shall investigate the nonlinear differential system
 i  
l t , x    t , x   x , i  f t , xŽ . Ž . Ž . Ž .
 t  x
   iSŽ .
c t , x    t , x   x ,   g t , x ,Ž . Ž . Ž . Ž .
 t  x
0 x 1, 0 t T
with the nonlocal boundary conditions
i t , 0  h  t , 0  0Ž . Ž .Ž .1
 
BCŽ . i t , 1  a t t , 1  b t h  t , 1 e t ,Ž . Ž . Ž . Ž . Ž . Ž .Ž .2 t
0 t T
and the initial data
IC i 0, x  i x ,  0, x  x , 0 x 1.Ž . Ž . Ž . Ž . Ž .0 0
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 This problem with coefficients independent of t had been studied in 3 .
For other particular cases, with multiple applications in electrotechnics,
 see 4, 5, 9 . The methods used in the proof of our results are similar to
  Ž  . Ž .that used in 68 see also 2 , where we investigated the system S but
Ž .with boundary conditions different from BC . For the basic concepts and
results in the theory of monotone operators and nonlinear evolution
 equations of monotone type we refer the reader to 1 .
We present the assumptions that we shall use in the sequel:
Ž . Ž . Ž . 2Ž .A1 The functions x  x, p and x  x, p are in L 0, 1 for
Ž . Ž .any fixed p. Furthermore, the functions p  x, p and p  x, p
Ž .are continuous and nondecreasing from  into , for a.a. x 0, 1 .
Ž . 1, Ž Ž ..A2 The functions l, c are in W 0, T ; L 0, 1 , and the function a
1, Ž .is in W 0, T . In addition, there exist the constants C  0, i 1, 3, suchi
that
l t , x 	 C , c t , x 	 C , for a.a. t , x 	 0, T  0, 1 ,Ž . Ž . Ž . Ž . Ž .1 2
a t 	 C , for a.a. t 0, T .Ž . Ž .3
Ž . 2, Ž Ž ..A3 The functions  ,  are in W 0, T ; L 0, 1 , and the function
2, Ž .b is in W 0, T . Furthermore,

 t , x 	 0, t , x 	 0,Ž . Ž .
 t

 t , x 	 0, t , x 	 0, for a.a. t , x 	 andŽ . Ž . Ž .
 t
b t 	 0, b t 	 0, for a.a. t 0, T .Ž . Ž . Ž .
Ž .A4 There exist the constants C  0, i 4, 6, such thati
2  
 t , x 	 C 1 t , x  t , x ,Ž . Ž . Ž .4 2ž / t  t
2  
 t , x 	 C 1 t , x  t , x , for a.a. t , x 	Ž . Ž . Ž . Ž .5 2ž / t  t
 and b t 	 C 1 b t  b t , for a.a. t 0, T .Ž . Ž . Ž . Ž .Ž .6
Ž . Ž . Ž .A5 a The operator h : D h 
 is maximal monotone,1 1
Ž .D h .1
Ž .b The function h is continuous and nondecreasing from 2
into .
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2. PRELIMINARY RESULTS
Ž . Ž . Ž .Our problem S , BC , IC can be written as
 i  
l t , x    t , x   x , i  f t , xŽ . Ž . Ž . Ž .
 t  x
   i
c t , x    t , x   x ,   g t , x ,Ž . Ž . Ž . Ž .
 t  xS˜Ž .
0 x 1, 0 t T
 
a t t , 1  i t , 1  b t h  t , 1  e t ,Ž . Ž . Ž . Ž . Ž . Ž .Ž .2 t
0 t T ,
with
i t , 0  h  t , 0  0, 0 t TŽ . Ž .Ž .1
i 0, x  i x ,  0, x  x , 0 x 1.Ž . Ž . Ž . Ž .0 0
This problem will be written, using some operators, as a time-dependent
Cauchy problem in a Hilbert space. Let X be the Hilbert space X
Ž 2Ž ..2L 0, 1  endowed with the standard scalar product. We consider the
Ž .operator A: D A 
 X X,
i
1D A   X ; i ,  H 0, 1 , w 1 ,  0 D h ,Ž . Ž . Ž . Ž . Ž . 1½ ž /w
i 0  h  0  0 ,Ž . Ž .Ž .1 5
  ii
i A  , w 1 , D A ,Ž . Ž .ž /  0  0w i 1  1Ž . Ž .
  Ž . Ž Ž ..and for t 0, T the operator B t : D B t 
 X X,
 t ,   , iŽ . Ž .i
 t ,   , Ž . Ž .B t  ,Ž . ž /  0w b t h wŽ . Ž .2
i i
D B t   X ; B t  X .Ž . Ž .Ž .  ½ 5ž / ž /w w
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Ž . Ž . Ž .Remark 1. Under the assumptions A1 , A3 , and A5 we can easily
Ž .   Ž . Ž Ž ..show that D A , D A  X, and for any t 0, T , D A 
D B t .Ž .
Ž .Ž .LEMMA 1. If the assumption A5 a holds, then the operator A is
maximal monotone.
Ž Ž ..Proof. First, the operator A is monotone; indeed, for all col i,  ,  1 ,
Ž Ž .. Ž .col i,  ,  1 D A we have
i i i i
A  A ,   0− < 0  0 1Ž .  1  1  1Ž . Ž . Ž .
X
   i i
 i  i ,  − < 0 0  1  1Ž . Ž .i 1  i 1Ž . Ž .
X
1     i i dxŽ . Ž .H
0
1   i  i   dx i 1  i 1   1  1Ž . Ž . Ž . Ž . Ž . Ž .H
0
  1  1  i 1  i 1   0  0Ž . Ž . Ž . Ž . Ž . Ž .
 i 0  i 0  i 1  i 1   1  1Ž . Ž . Ž . Ž . Ž . Ž .
  0  0  i 0  i 0 	 0,Ž . Ž . Ž . Ž .
Ž . Ž Ž .. Ž . Ž Ž ..because i 0 h  0 , i 0 h  0 .1 1
To prove that A is maximal monotone, we shall show that for any
Ž .col p, q, r  X the equation
pi i
 A  1Ž .  qž / ž /  0w w r
Ž . Ž .has a solution col i,  , w D A .
The above equation is equivalent to
i  p
  i q
 1  i 1  rŽ . Ž .
i 0  h  0  0, i ,  H 1 0, 1 ,  0 D hŽ . Ž . Ž . Ž . Ž .Ž .1 1
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or
i  p
2Ž .
 1  i  q , i ,  H 0, 1 ,Ž .
with the condition
i 0  0Ž . Ž .
h , 3Ž .ž / ž /i 1  1Ž . Ž .
Ž . Ž . 2 2where h: D h D h 
  is defined by1
y z1 1h  , z  h y , z  y  r .Ž .1 1 1 2 2½ 5y zž / ž /2 2
 The operator h defined above is maximal monotone. Using 7, Lemma 1.1
Ž . Ž . Ž .with k 1 and S 0, the problem 2 , 3 has a solution col i,  
1Ž ..2 Ž  . Ž . Ž Ž ..H 0, 1 see also 1 . Then the equation 1 has a solution col i,  ,  1
Ž .D A , and so the operator A is maximal monotone. Q.E.D.
Ž . Ž . Ž .THEOREM 1. If the assumptions A1 , A3 , and A5 hold, then for eery
  Ž .t 0, T the operator AB t is maximal monotone in X.
 Proof. Let t 0, T be arbitrary but, for the time being, fixed. We
suppose without loss of the generality that the operator h is single-valued.1
Ž Ž .. Ž .By Remark 1, D AB t D A , and by Lemma 1 the operator A is
Ž . Ž .monotone. The operator B t is also monotone, because for all col i,  , w ,
Ž . Ž Ž ..col i,  , w D B t we have
i i ii
B t B t ,Ž . Ž .   ž /− < 0  0w w w w
X
 t ,   , i   t ,   , iŽ . Ž . Ž . Ž . i i
 , t ,   ,    t ,   , Ž . Ž . Ž . Ž .   0− < 0 w wb t h w  b t h wŽ . Ž . Ž . Ž .2 2
X
1    t , x  x , i   x , i  i i dxŽ . Ž . Ž .H
0
1    t , x  x ,    x ,     dxŽ . Ž . Ž .H
0
 b t h w  h w  w w 	 0.Ž . Ž . Ž .2 2
Ž .Therefore we deduce that AB t is monotone.
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Ž .To prove the maximality of the operator AB t , we shall show that
Ž .for any col p, q, r  X the equation
pi i i
 A B t  4Ž . Ž .   qž / ž / ž /  0w w w r
Ž . Ž .has a solution col i,  , w D A .
Ž . Ž .Let col p, q, r  X be fixed. Equation 4 is equivalent to
i x   x   t , x   x , i x  p xŽ . Ž . Ž . Ž . Ž .Ž .
 x  i x   t , x   x ,  x  q x , 0 x 1Ž . Ž . Ž . Ž . Ž .Ž .
5Ž . 1  i 1  b t h  1  rŽ . Ž . Ž . Ž .Ž .2
1i 0  h  0  0, i ,  H 0, 1 ,  0 D h .Ž . Ž . Ž . Ž . Ž .Ž .1 1
Let us consider the approximate problem
 i i i p
 
 

 A B t  , in XŽ .   q

 
 
  0 0  0  0w w w r
 
 
 6Ž .
i

D A , w  1 
 0 ,Ž . Ž . Ž . 
 

 0 w

with
 t ,   , iŽ . Ž .
i
 t ,   , Ž . Ž .B t  , 
 0,Ž . 

 ž /w  0b t h wŽ . Ž .2

Ž . Ž . Ž .where  x,  and  x,  are the Yosida approximates of  x,  and
 

Ž . Ž . x,  , respectively, for a.a. x 0, 1 and h is the Yosida approximate2

2Ž .of h . Under our assumptions, for 
 0 and for every f L 0, 1 the2
Ž Ž .. Ž Ž .. 2Ž .functions x  x, f x and x  x, f x are in L 0, 1 . Indeed, if
 

2Ž .f L 0, 1 the above functions are measurable, and for 
 0,
1 1 22
 x , f x dx  x , f x   x , 0   x , 0 dxŽ . Ž . Ž . Ž .Ž . Ž .H H
 
 
 

0 0
1 2 2 2  x , f x   x , 0   x , 0 dxŽ . Ž . Ž .Ž .H 
 
 

0
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11 2 2 2 f x   x , 0 dxŽ . Ž .H 2
0
2 1 12 2 f x dx 2  x , 0 dx ,Ž . Ž .H H2
 0 0
 , 0  L2 0, 1 .Ž . Ž .Ž .
1  Ž Ž ..  2In a similar manner for 
 0 we have H  x, f x dx . Therefore0 

Ž . Ž Ž ..we deduce that for 
 0 the functions x  t, x  x, f x and x

Ž . Ž Ž .. 2Ž . Ž . t, x  x, f x are in L 0, 1 , too. Hence, for col i,  , w  X it follows

Ž .Ž Ž .. Ž .that B t col i,  , w  X. Because B t is everywhere defined, mono-
 

Ž .tone, continuous, and bounded and A is maximal monotone Lemma 1 we
Ž .obtain, by Rockafellar’s theorem, that the operator AB t is maximal

Ž . Ž .monotone in X,  
 0. Therefore, for every 
 0 the problem 6 has
Ž Ž .. Ž . Ž .a solution col i ,  ,  1 D A . The problem 6 is equivalent to
 
 

i x   x   t , x   x , i x  p xŽ . Ž . Ž . Ž . Ž .Ž .
 
 
 

 x  i x   t , x   x ,  x  q x , 0 x 1Ž . Ž . Ž . Ž . Ž .Ž .
 
 
 

7Ž .
 1  i 1  b t h  1  rŽ . Ž . Ž . Ž .Ž .
 
 2
 

1i 0  h  0  0, i ,  H 0, 1 ,  0 D h .Ž . Ž . Ž . Ž . Ž .Ž .
 1 
 
 
 
 1
Ž . Ž . Ž .Now, let col i ,  , w D A , w  1 be an arbitrary element, but0 0 0 0 0
Ž .let it be fixed, and let col f , g , k be the element
 
 

f i i i
 0 0 0
g 	  A B t , 
 0, 8Ž . Ž .  
 
0 0 0 0  0  0 0 w w wk 0 0 0

or
f x 	 i x   x   t , x   x , i xŽ . Ž . Ž . Ž . Ž .Ž .
 0 0 
 0
g x 	  x  i x   t , x   x ,  x , 0 x 1Ž . Ž . Ž . Ž . Ž .Ž .
 0 0 
 0
k 	  1  i 1  b t h  1Ž . Ž . Ž . Ž .Ž .
 0 0 2
 0
i 0  h  0  0, i ,  H 1 0, 1 ,  0 D h .Ž . Ž . Ž . Ž . Ž .Ž .0 1 0 0 0 0 1
 Ž .Ž Ž .. 4The set B t col i ,  , w ; 
 0 is bounded in X. Indeed,
 0 0 0
2
i0
2 2
2 2B t   t ,   , i   t ,   , Ž . Ž . Ž . Ž . Ž . Ž . Ž .L 0, 1 L 0, 1
 
 0 
 00 0w0 X
22 b t h wŽ . Ž .2
 0
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1 22  t , x   x , i x dxŽ . Ž .Ž .H 
 0
0
1 2 22 2  t , x   x ,  x dx b t h wŽ . Ž . Ž . Ž .Ž .H 
 0 2
 0
0
1 2 const.  x , i x dxŽ .Ž .H 0
0
1 2 2 const.  x ,  x dx const. h wŽ . Ž .Ž .H 0 2 0
0
1 2 2 const. max  x , M ,  x ,M dxŽ . Ž .H 1 1
0
1 2 2const. max  x , M ,  x ,M dxŽ . Ž .H 2 2
0
2 const. h w  const.,  
 0,Ž . Ž .2 0
Ž .   Ž .  Ž .4const. is a positive constant , where M  sup i x , x 0, 1 , M 1 0 2
  Ž .  Ž .4sup  x , x 0, 1 .0
Ž .  Ž . 4Therefore, using 8 we deduce that the set col f , g , k ; 
 0 is
 
 

Ž . Ž .bounded in X. So, by the relations 6 and 8 we have
2
p fi  i i  i 

 0 
 0
q g ,    

 0 
 0 0  0− < 0w  w w  w r k
 0 
 0 
X X
or
i  i
 0
 const.,  
 0.Ž . 
 0 0w  w
 0 X
 4  4 2Ž .Therefore the sets i ; 
 0 ,  ; 
 0 are bounded in L 0, 1 , and
 

 Ž . 4the set w  1 ; 
 0 is bounded in .
 

  4   4Next, we shall prove that the sets i ; 
 0 and  ; 
 0 are
 

1Ž .bounded in L 0, 1 . We define the functions
   x   x , if  x  0;Ž . Ž . Ž .
 
 
p x Ž . 
 ½ 0, if  x  0,Ž .

  i x  i x , if i x  0;Ž . Ž . Ž .
 
 
q x Ž . 
 ½ 0, if i x  0, 0 x 1, 
 0.Ž .
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Ž . Ž . Ž . Ž . Ž . Ž .We multiply Eqs. 7 by p x  i x  i x and q x  x 1, 2 
 
 0 
 

Ž .   x , respectively, and then we integrate over 0, 1 . We obtain0
1
i x p x  i x  i x dxŽ . Ž . Ž . Ž .Ž .H 
 
 
 0
0
1   x p x  i x  i x dxŽ . Ž . Ž . Ž .Ž .H 
 
 
 0
0
1
  t , x  x , i x p x  i x  i x dxŽ . Ž . Ž . Ž . Ž .Ž . Ž .H 
 
 
 
 0
0
1
 p x p x  i x  i x dxŽ . Ž . Ž . Ž .Ž .H 
 
 0
0

1 1   x dx  x  x i x  i x dxŽ . Ž . Ž . Ž . Ž .H H
 
 0 
 0
0 0
1   x i x  i x dxŽ . Ž . Ž .Ž .H 0 
 0
0
1
 i x p x  i x  i x dxŽ . Ž . Ž . Ž .Ž .H 
 
 
 0
0
1
  t , x  x , i x   x , i x  p xŽ . Ž . Ž . Ž .Ž . Ž .H 
 
 
 0 

0
 p x  i x  i x dxŽ . Ž . Ž .Ž .
 
 0
1
  t , x  x , i x  p x p x  i x  i x dxŽ . Ž . Ž . Ž . Ž . Ž .Ž . Ž .H 
 0 
 
 
 0
0
1
 p x p x  i x  i x dxŽ . Ž . Ž . Ž .Ž .H 
 
 0
0

1 1   x dx  x  x i x  i x dxŽ . Ž . Ž . Ž . Ž .H H
 
 0 
 0
0 0
1 12 21 1  x dx i x  i x dxŽ . Ž . Ž .H H0 
 02 2
0 0
1 12 21 1 i x dx p x  i x  i x dxŽ . Ž . Ž . Ž .H H
 
 
 02 2
0 0
1 21 2  t , x  x , i x  p x dxŽ . Ž . Ž .Ž .H 0 
2
0
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1 12 21 1 p x  i x  i x dx p x dxŽ . Ž . Ž . Ž .H H
 
 02 2
0 0
1 21 p x  i x  i x dx .Ž . Ž . Ž .H 
 
 02
0
Using the assumptions of this theorem, we get
1 1   x dx  x  x  i x  i x dxŽ . Ž . Ž . Ž . Ž .H H
 
 0 
 0
0 0
1 2 2 const. max  x , M ,  x ,M dx const.,Ž . Ž .H
0
  Ž .  Ž .4where M sup i x  1; x 0, 1 . So,0
1 1   x dx  x  x  i x  i x dx const.,Ž . Ž . Ž . Ž . Ž .H H
 
 0 
 0
0 0
 
 0. 9Ž . Ž .
In a similar way, we have
1 1  i x dx i x  i x   x  x dx const.,Ž . Ž . Ž . Ž . Ž .H H
 
 0 
 0
0 0
 
 0. 10Ž . Ž .
Ž . Ž .By 9 and 10 we obtain
1   x  i x dxŽ . Ž .H 
 

0
  1  1  i 1  i 1   0  0Ž . Ž . Ž . Ž . Ž . Ž .
 0 
 0 
 0
 i 0  i 0  const.Ž . Ž .
 0
  1  1  i 1  i 1   0  0Ž . Ž . Ž . Ž . Ž . Ž .
 0 
 0 
 0
 h  0  h  0  const.Ž . Ž .Ž . Ž .1 
 1 0
  1  1  i 1  i 1  const.,  
 0,Ž . Ž . Ž . Ž . Ž .
 0 
 0
11Ž .
h being monotone.1
Then we subtract the relations
 1  i 1  b t h  1  r ,Ž . Ž . Ž . Ž .Ž .
 
 2
 

 1  i 1  b t h  1  k .Ž . Ž . Ž . Ž .Ž .0 0 2
 0 
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Ž . Ž .We multiply the obtained relation by  1  1 and we get
 0
2 1  1  i 1  i 1   1  1Ž . Ž . Ž . Ž . Ž . Ž .
 0 
 0 
 0
b t h  1  h  1   1  1Ž . Ž . Ž . Ž . Ž .Ž . Ž .2
 
 2
 0 
 0
 r k  1  1Ž . Ž . Ž .Ž .
 
 0

 i 1  i 1   1  1Ž . Ž . Ž . Ž .
 0 
 0
2  r k   1  1   1  1Ž . Ž . Ž . Ž .
 
 0 
 0
 const.,  
 0. 12Ž . Ž .
Ž . Ž .Now, using 11 and 12 , we obtain
1   x  i x dx const.,  
 0.Ž . Ž . Ž .H 
 

0
  4   4 1Ž .Therefore, the sets i ; 
 0 and  ; 
 0 are bounded in L 0, 1 .
 

 4  4 2Ž .Because the sets i ; 
 0 and  ; 
 0 are bounded in L 0, 1 , we
 

 4  4deduce by the above conclusions that the sets i ; 
 0 ,  ; 
 0 are
 

1, 1Ž . Ž . Ž .bounded in W 0, 1 and so in C 0, 1 . Using the assumption A1 , it
 Ž . 4  Ž . 4follows that the sets  , i ; 
 0 and  ,  ; 
 0 are bounded in
 
 
 

2Ž . Ž .   4   4L 0, 1 . By Eqs. 7 we deduce that the sets i ; 
 0 and  ; 
 01, 2 
 

2Ž .are bounded in L 0, 1 .
By applying the ArzelaAscoli Criterion, we obtain that the sets i ;

4  4 Ž .
 0 and  ; 
 0 are relatively compact in C 0, 1 . Then there exist

Ž .some sequences denoted in the same manner such that
 i  i and    , as 
 0, strongly in C 0, 1 ,Ž .
 

i  i and     , as 
 0, weakly in L2 0, 1 .Ž .
 

 Ž . 4  Ž . 4 ŽNext, we shall show that  , i ; 
 0 and  ,  ; 
 0 eventu-
 
 
 

. 2Ž .ally on subsequences are convergent in L 0, 1 . For, we observe first that
 for x 0, 1 ,
 x , i x   x , i x , 
 0.Ž . Ž .Ž .Ž .
 

 Indeed, for x 0, 1 fixed we have
 x , i x   x , i xŽ . Ž .Ž .Ž .
 

1  x , I 
 x ,  i x   x , i x  0,Ž . Ž . Ž .Ž . Ž .Ž .

as 
 0,
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because
1i I 
 x ,  i x  i xŽ . Ž . Ž . Ž .Ž . 

1 1 I 
 x ,  i x  I 
 x ,  i xŽ . Ž . Ž . Ž .Ž . Ž .

1 I 
 x ,  i x  i xŽ . Ž . Ž .Ž .
1 i x  i x  I 
 x ,  i x  i x  0,Ž . Ž . Ž . Ž . Ž .Ž .

as 
 0,
and
Ž . Ž .ii the function  x,  is continuous.
Then
 x , i x   x , i x max  x , M ,  x ,M , 4Ž . Ž . Ž . Ž .Ž . Ž .
 
 
 0 0
0 x 1, 
 0,
  Ž .  Ž . 4 Ž .where M  sup i x , x 0, 1 , 
 0 , and by A1 the function x0 

Ž . 2Ž . Ž . x, p is in L 0, 1 ,  p.
Using now the Lebesgue’s Dominated Convergence Theorem, we de-
Ž .duce that eventually on subsequences
 , i    , i  , as 
 0, strongly in L2 0, 1 .Ž . Ž . Ž .Ž .Ž .
 

In a similar way, we have
 ,     ,   , as 
 0, strongly in L2 0, 1 .Ž . Ž . Ž .Ž .Ž .
 

2Ž . Ž .Now, taking 
 0 weakly in L 0, 1 in Eqs. 7 , we obtain the1, 2
Ž . Ž . Ž . Ž . Ž .relations 5 . Then, because  1   1 , i 1  i 1 , as 
 0 and1, 2 
 

r 1  i 1 r 1  i 1Ž . Ž . Ž . Ž .
 

h  1   , as 
 0,Ž .Ž .2
 
 b t b tŽ . Ž .
Ž Ž .. Ž Ž . Ž .. Ž . Ž .we deduce that h  1  r 1  i 1 b t , that is, 5 . Finally, by2 3
Ž . Ž . Ž . Ž . Ž . Ž .7 , because i 0  i 0 ,  0   0 , and h is closed, we get  0 4 
 
 1
Ž . Ž .D h and 5 .1 4
Ž Ž .. Ž . Ž .So, we obtained that col i,  ,  1 D A is a solution to Eq. 4 and
Ž .the operator AB t is maximal monotone. Q.E.D.
Remark 2. With some modifications of the above proof, Theorem 1
Ž .Ž .remains valid if, instead of the assumption A5 b , we consider
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Ž .Ž . Ž . Ž .A5 b The operator h : D h 
, D h  is maximal2 2 2
monotone.
3. THE MAIN RESULTS
Ž . Ž Ž .. Ž .We define now the operators C t : D C t D A 
 X X,
i i i i
 C t  A B t , D C t , t 0, T ,Ž . Ž . Ž .Ž .   ž / ž / ž / ž /w w w w
Ž .and the operators  t : X X,
l t ,  iŽ .i i
c t ,    Ž . t  ,  X , t 0, T .Ž .  ž / ž / 0w wa t wŽ .
Ž . Ž . Ž .Using the above operators, our problem S , BC , IC can be expressed
as a time-dependent Cauchy problem in the space X,
di 
tŽ .
dt i t f t , Ž . Ž .
d
 t g t , Ž . Ž . t C t  , 0 t TŽ . Ž .tŽ .
dt  0  0w t e tŽ . Ž .dwPŽ . tŽ . dt
ii 0Ž . 0
 0Ž .  .0 0  0 1w 0 Ž .Ž . 0
Ž . Ž . Ž . Ž .We say that col i,  is a strong solution to the problem S , BC , IC if
Ž Ž . Ž . Ž .. Ž Ž . Ž . Ž ..col i t,  ,  t,  , w t  col i t,  ,  t,  ,  t, 1 is a strong solution to
Ž . Ž  .the problem P see 1 .
Ž . Ž .THEOREM 2. Assume that the assumptions A1  A5 hold. If f , g
1, 2Ž 2Ž .. 1, 2Ž . 1Ž . Ž . Ž . Ž .W 0, T ; L 0, 1 , eW 0, T , i ,  H 0, 1 ,  0 D h , i 00 0 0 1 0
Ž Ž .. Ž . Ž . Ž . h  0  0, then the problem S , BC , IC has a unique strong1 0
Ž Ž .. 1, Ž .solution col i,  ,  , 1 W 0, T ; X with the properties
i ,   L 0, T ; H 1 0, 1 , hence i ,   L 	 . 13Ž . Ž . Ž .Ž .
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 Proof. We shall use an approach similar to what we used in 6 . We
suppose again that h is single-valued. In addition, we suppose that1
Ž . Ž . Ž . Ž . Ž x, 0  0,  x, 0  0 for a.a. x 0, 1 and h 0  0 otherwise we use2
˜Ž . Ž . Ž . Ž . Ž . Ž .the functions  x, p   x, p   x, 0 ,  x, p   x, p   x, 0 ,˜
˜ Ž . Ž . Ž .and h p  h p  h 0 , which have the same properties as  ,  , and2 2 2
˜ ˜Ž . Ž . Ž . Ž .h ; evidently  x, 0   x, 0  0, for a.a. x 0, 1 , h 0  0, and the˜2 2
Ž˜ . Ž . Ž . Ž . Ž . Ž . Ž .functions f t, x  f t, x   t, x   x, 0 , g t, x  g t, x   t, x ˜
Ž . Ž . Ž . Ž . Ž . x, 0 , and e t  e t  b t h 0 verify the same assumptions as f , g,˜ 2
.and e, respectively .
  Ž .Using Theorem 1, for every t 0, T the operator C t is maximal
Ž .monotone. We consider C t the Yosida approximate of the operator

Ž .C t , that is,
1 1  C t  I I 
C t , 
 0, t 0, T .Ž . Ž .Ž .
 

  Ž .For every t 0, T and 
 0 the operator C t is everywhere defined

and Lipschitz continuous. Then, using the Banach fixed-point theorem, we
deduce that for every 
 0 the approximate problem
di 

tŽ .
dt i tŽ . f t , Ž .
d
  t g t , Ž . Ž . t C t  , 0 t TŽ . Ž .tŽ . 

dt  0 0 e tw t Ž .Ž .
dw
PŽ .
 tŽ . dt
i 0 iŽ .
 0
 0Ž .  0
  0 0  1Ž .w 0Ž . 0

Ž .has a unique solution col i ,  , w that is continuously differentiable on
 
 

  Ž .0, T . We denote y  col i ,  , w .
 
 
 

We shall prove in what follows that
 4 Ž  .LEMMA 2. The set dy dt; 
 0 is bounded in C 0, T ; X .
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Ž . Ž .Proof of Lemma 2. Let u  col p , q , r D A be defined by
 
 
 

p i
 

1 1 I 
C t  u  I 
C t y .Ž . Ž .q Ž . Ž .
 

 
 0  0r w
 

Ž . Ž .Ž . Ž .   Ž .So, C t y  1
 y  u ,  t 0, T , for a.a. x 0, 1 and
 
 
 

 u  
C t u  y ,  t 0, T , for a.a. x 0, 1 . 14Ž . Ž . Ž . Ž .
 
 

The above relation is equivalent to
 q

p  
  
 t ,   x , p  iŽ . Ž .
 
 
 x
 p

q  
  
 t ,   x , q Ž . Ž . 15Ž .
 
 
 x
r  
p t , 1  
b t h r  wŽ . Ž . Ž .
 
 2 
 

p t , 0  h q t , 0  0, r t  q t , 1 .Ž . Ž . Ž . Ž .Ž . Ž .
 1 
 
 

Ž . Ž . C Ž t . Ž . Ž C Ž t .Using the relation C t y C t J y C t u J is the resol-
 
 
 
 
 

Ž .. Ž .vent of the operator C t , the equation P can be formulated as
 1
dy

 t C t u  F t , 0 t T , 16Ž . Ž . Ž . Ž .
dt
Ž . Ž Ž . Ž . Ž ..where F t  col f t,  , g t,  , e t .
Ž .Equation 16 is equivalent to
 i  q
 

l      x , p  fŽ .
 t  x
   p
 

c      x , q  gŽ .
 t  x 17Ž .
dw

a  p t , 1  b t h r t  eŽ . Ž . Ž .Ž .
 2 
dt
p t , 0  h q t , 0  0.Ž . Ž .Ž .
 1 

Ž . Ž .Using the relation 14 and the monotony of C t , we get
² :C t h y t h C t y t , y t h  y tŽ . Ž . Ž . Ž . Ž . Ž .
 
 
 
 
 
 X
² :	 C t h u t C t u t , u t h  u t ,Ž . Ž . Ž . Ž . Ž . Ž .
 
 
 
 X
  t , t h 0, T .Ž .
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Ž .By definition of the operator C t , the above inequality gives us
² :C t h y t h C t y t , y t h  y tŽ . Ž . Ž . Ž . Ž . Ž .
 
 
 
 
 
 X
1
	  t h , x   t , x   x , p t , xŽ . Ž . Ž .Ž .H 

0
 p t h , x  p t , x dxŽ . Ž .
 

1
  t h , x   t , x   x , q t , xŽ . Ž . Ž .Ž .H 

0
 q t h , x  q t , x dxŽ . Ž .
 

 b t h  b t  h r t  r t h  r t . 18Ž . Ž . Ž . Ž . Ž . Ž .Ž .2 
 
 

By the properties of the functions  ,  , and h it follows that there2
exist the functions ,  , and  nonnegatives such that
 
 x , p  x , p ,  x , p  x , p , h p   p .Ž . Ž . Ž . Ž . Ž . Ž .2 p  p
Ž .Therefore, from inequality 18 we have
d dy

C t y t , tŽ . Ž . Ž .Ž .
 
¦ ;dt dt X
   1
	  x , p   x , q dxŽ . Ž .H 
 
 t  t  t  t0
 b t   r t .Ž . Ž .Ž .Ž .

 Integrating the above inequality over 0, t , we obtain
d dyt 

C s y s , s dsŽ . Ž . Ž .Ž .H 
 
¦ ;ds ds0 X
 t 1
	 s, x  s, p s, xŽ . Ž .Ž .H H 
 s  s0 0
 
 s, x  x , q s, x dx dsŽ . Ž .Ž .
 s  s
t  b s   r s ds. 19Ž . Ž . Ž .Ž .Ž .H 

0
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Using Fubini’s theorem, we have
   t 1
s, x  x , p s, x  s, x  x , q s, x dx dsŽ . Ž . Ž . Ž .Ž . Ž .H H 
 
 s  s  s  s0 0
 1 t
 s, x  x , p s, xŽ . Ž .Ž .H H 
 s  s0 0
 
 s, x  x , q s, x ds dxŽ . Ž .Ž .
 s  s
 1 t
 s, x   x , p s, xŽ . Ž .Ž .H H 
 s  s0 0

 s, x   x , q s, x ds dxŽ . Ž .Ž .
 s
2 1 t
 s, x   x , p s, xŽ . Ž .Ž .H H 
2 s0 0
2 
 s, x   x , q s, x ds dxŽ . Ž .Ž .
2 s
 1
 t , x   x , p t , x  t , x   x , q t , x dxŽ . Ž . Ž . Ž .Ž . Ž .H 
 
 t  t0
 1
 0, x   x , p 0, x  0, x   x , q 0, x dxŽ . Ž . Ž . Ž .Ž . Ž .H 
 
 t  t0
2 1 t
 s, x   x , p s, xŽ . Ž .Ž .H H 
2 s0 0
2 
 s, x   x , q s, x ds dx .Ž . Ž .Ž .
2 s
Also, we have
t b s   r s dsŽ . Ž .Ž .Ž .H 

0
t t  b s   r s ds b s   r s dsŽ . Ž . Ž . Ž .Ž . Ž .Ž .H H
 

0 0
t   b t   r t  b 0   r 0  b s   r s ds.Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž . Ž .H
 
 

0
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Ž .Therefore, from 19 we obtain
d dyt 

C s y s , s dsŽ . Ž . Ž .Ž .H 
 
¦ ;ds ds0 X
 1
	 0, x   x , p 0, x  0, x   x , q 0, x dxŽ . Ž . Ž . Ž .Ž . Ž .H 
 
 t  t0
2 1 t
 s, x   x , p s, xŽ . Ž .Ž .H H 
2 s0 0
2 
 s, x   x , q s, x ds dxŽ . Ž .Ž .
2 s
t  b 0  r 0  b s   r s ds,Ž . Ž . Ž . Ž .Ž . Ž .H
 

0
0 t T , 
 0. 20Ž .
Ž . Ž . Ž ŽNow, by multiplying the equation P by y t  y in X y  col i ,
 1 
 0 0 0
Ž .. Ž .. , w  1 D A , we obtain0 0 0
dy
 ² : t t , y t  y  C t y , y t  yŽ . Ž . Ž . Ž . Ž .
 0 
 0 
 0 X¦ ;dt X
² : F t , y t  y , 0 t T .Ž . Ž .
 0 X
Ž .Using the assumption A2 , the above inequality gives us
y t  const., 0 t T , 
 0.Ž .
 X
Because J C Ž t . is nonexpansive we also obtain

u t  const., 0 t T , 
 0.Ž .
 X
By the definitions of the functions  and  we have
 x , p 0, x   x , i x   x , p 0, x  p 0, x  i x ,Ž . Ž . Ž . Ž . Ž .Ž . Ž . Ž .
 0 
 
 0
 x , q 0, x   x ,  x   x , q 0, x  q 0, x  x .Ž . Ž . Ž . Ž . Ž .Ž . Ž . Ž .
 0 
 
 0
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Ž . Ž .We multiply the above inequalities by  0, x and  0, x , respectively, we
 integrate them over 0, 1 , and, by addition, we obtain
1
 0, x   x , p 0, x   0, x   x , q 0, x dxŽ . Ž . Ž . Ž .Ž . Ž .H 
 

0
1
  0, x   x , i x   0, x   x ,  x dxŽ . Ž . Ž . Ž .Ž . Ž .H 0 0
0
1
  0, x   x , p 0, x  p 0, x  i xŽ . Ž . Ž . Ž . Ž .H 
 
 0
0
 0, x   x , q 0, x  q 0, x  x dx . 21Ž . Ž . Ž . Ž . Ž .4Ž .
 
 0
Ž . Ž . Ž . ŽWe multiply the relations 15 with t 0 by p 0, x  i x respec-1, 2 
 0
Ž . Ž ..tively, q 0, x  x . We obtain
 0
 q
 p 0, x  p 0, x  i x  
 0, x  xŽ . Ž . Ž . Ž . Ž .
 
 0 0 x

 p 0, x  i x  
 x  p 0, x  i xŽ . Ž . Ž . Ž . Ž .
 0 0 
 0

 0, x   x , p 0, x  p 0, x  i xŽ . Ž . Ž . Ž .Ž .
 
 0
 i 0, x  p 0, x  i xŽ . Ž . Ž .
 
 0

 0, x   x , p 0, x  p 0, x  i xŽ . Ž . Ž . Ž .Ž .
 
 0
1
 i 0, x  p 0, x  i xŽ . Ž . Ž .
 
 0

1  q
  p 0, x  p 0, x  i x  0, x  xŽ . Ž . Ž . Ž . Ž .
 
 0 0
  x

 p 0, x  i x  x  p 0, x  i xŽ . Ž . Ž . Ž . Ž .
 0 0 
 0
1  q
2  p 0, x  i x  0, x  xŽ . Ž . Ž . Ž .
 0 0
  x

 p 0, x  i x  x  p 0, x  i xŽ . Ž . Ž . Ž . Ž .
 0 0 
 0
 q
  0, x  x  p 0, x  i x  const., 22Ž . Ž . Ž . Ž . Ž .0 
 0 x
Ž
 
 .u  const. .
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In a similar way, we have
 0, x   x , q 0, x  q 0, x  xŽ . Ž . Ž . Ž .Ž .
 
 0
 p
  0, x  i x  q 0, x  x  const. 23Ž . Ž . Ž . Ž . Ž .0 
 0 x
Ž . Ž .Therefore, by 22 and 23 we obtain
 0, x   x , p 0, x  p 0, x  i x   0, x   x , q 0, xŽ . Ž . Ž . Ž . Ž . Ž .Ž . Ž .
 
 0 

 q 0, x  xŽ . Ž .
 0
 q
  0, x  x  p 0, x  i xŽ . Ž . Ž . Ž .0 
 0 x
 p
  0, x  i x  q 0, x  x  const.,Ž . Ž . Ž . Ž .0 
 0 x
 and so, integrating over 0, 1 , we get
1
 0, x   x , p 0, x  p 0, x  i xŽ . Ž . Ž . Ž . Ž .H 
 
 0
0
 0, x   x , q 0, x  q 0, x  x dxŽ . Ž . Ž . Ž . 4Ž .
 
 0
 q 0, 1  1  p 0, 1  i 1Ž . Ž . Ž . Ž .
 0 
 0
 q 0, 0  0  p 0, 0  i 0  const.Ž . Ž . Ž . Ž .
 0 
 0
 q 0, 1  1  p 0, 1  i 1Ž . Ž . Ž . Ž .
 0 
 0
 q 0, 0  0  h q 0, 0  h  0  const.Ž . Ž . Ž . Ž .Ž . Ž .
 0 1 
 1 0
 q 0, 1  1  p 0, 1  i 1  const. 24Ž . Ž . Ž . Ž . Ž .
 0 
 0
Then, by the relations
r 0  
p 0, 1  
b 0  h q 0, 1  w 0 15 with t 0 ,Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž .
 
 2 
 
 3
w  
i 1  
b 0  h  1  z ,Ž . Ž . Ž .Ž .0 0 2 0 

we obtain
2
r 0  w  
 p 0, 1  i 1  q 0, 1  1  
b 0Ž . Ž . Ž . Ž . Ž . Ž .
 0 
 0 
 0
 h q 0, 1  h  1  q 0, 1  1Ž . Ž . Ž . Ž .Ž . Ž .2 
 2 0 
 0
 w 0  z  q 0, 1  1Ž . Ž . Ž .
 
 
 0

 p 0, 1  i 1  q 0, 1  1Ž . Ž . Ž . Ž .
 0 
 0
1 12 r 0  w  w 0  z  q 0, 1  1Ž . Ž . Ž . Ž .
 0 
 
 
 0
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 i 1  b 0  h  1  q 0, 1  1Ž . Ž . Ž . Ž . Ž .Ž .0 2 0 
 0
 const., 
 0. 25Ž .
Ž . Ž .Using 25 , the inequality 24 gives us
1
 0, x   x , p 0, x  p 0, x  i xŽ . Ž . Ž . Ž . Ž .H 
 
 0
0
 0, x   x , q 0, x  q 0, x  x dxŽ . Ž . Ž . Ž . 4Ž .
 
 0
 const., 
 0. 26Ž .
Ž . Ž .Using 21 , 26 , and the assumptions of the theorem, we obtain
1
 0, x   x , p 0, x   0, x   x , q 0, x dxŽ . Ž . Ž . Ž .Ž . Ž .H 
 

0
 const., 
 0. 27Ž .
Ž . Ž .By the assumption A4 and the inequality 27 , we have
 1
0, x   x , p 0, x  0, x   x , q 0, x dxŽ . Ž . Ž . Ž .Ž . Ž .H 
 
 t  t0
 const., 
 0; 28Ž .
Ž .that is, the first integral of the second term of the inequality 20 is
Ž .minorated by const.,  
 0.
Ž .For the double integral of the second term of the inequality 20 we
have, by the definitions of the functions  and  , that
 x , p t , x   x , i x   x , p t , x  p t , x  i x ,Ž . Ž . Ž . Ž . Ž .Ž . Ž . Ž .
 0 
 
 0
 x , q t , x   x ,  x   x , q t , x  q t , x  x .Ž . Ž . Ž . Ž . Ž .Ž . Ž . Ž .
 0 
 
 0
Ž . Ž .We multiply the above inequalities by  t, x and  t, x , respectively, we
 integrate them over 0, 1 , and, by addition, we have
1
 t , x   x , p t , x   t , x   x , q t , x dxŽ . Ž . Ž . Ž .Ž . Ž .H 
 

0
1
  t , x   x , i x   t , x   x ,  x dxŽ . Ž . Ž . Ž .Ž . Ž .H 0 0
0
1
  t , x   x , p t , x  p t , x  i xŽ . Ž . Ž . Ž . Ž .H 
 
 0
0
 t , x   x , q t , x  q t , x  x dx . 29Ž . Ž . Ž . Ž . Ž .4Ž .
 
 0
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Ž . Ž . Ž . Ž . Ž .We multiply Eqs. 17 by p t, x  i x and q t, x  x , respec-1, 2 
 0 
 0
 tively, we integrate over 0, 1 , and, by addition, we get
 i1 

l t , x  t , x  p t , x  i xŽ . Ž . Ž . Ž .H 
 0½  t0
 
c t , x  t , x  q t , x  x dxŽ . Ž . Ž . Ž .
 0 5 t
 q1 
 t , x  p t , x  i xŽ . Ž . Ž .H 
 0 x0
 p
 t , x  q t , x  x dxŽ . Ž . Ž .
 0 x
1
  t , x   x , p t , x  p t , x  i xŽ . Ž . Ž . Ž . Ž .H 
 
 0
0
 t , x   x , q t , x  q t , x  x dx4Ž . Ž . Ž . Ž .Ž .
 
 0
1
 f t , x  p t , x  i x Ž . Ž . Ž .H 
 0
0
g t , x  q t , x  x dx4Ž . Ž . Ž .
 0

1
 t , x   x , p t , x  p t , x  i xŽ . Ž . Ž . Ž . Ž .H 
 
 0
0
 t , x   x , q t , x  q t , x  x dxŽ . Ž . Ž . Ž . 4Ž .
 
 0
 i1 
 l t , x t , x  p t , x  i xŽ . Ž . Ž . Ž .H 
 0½  t0
 
c t , x t , x  q t , x  x dxŽ . Ž . Ž . Ž .
 0 5 t
 q1 
  t , x  x  p t , x  i x dxŽ . Ž . Ž . Ž .H 0 
 0 x0
1   x  p t , x  i x dxŽ . Ž . Ž .H 0 
 0
0
 p1 
  t , x  i x  q t , x  x dxŽ . Ž . Ž . Ž .H 0 
 0 x0
1  i x  q t , x  x dxŽ . Ž . Ž .H 0 
 0
0
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1
 f t , x  p t , x  i x Ž . Ž . Ž .H 
 0
0
g t , x  q t , x  x dx .4Ž . Ž . Ž .
 0

 
Using the assumptions of the theorem and u  const., 
 0, theX

above inequality gives us
1
 t , x   x , p t , x  p t , x  i xŽ . Ž . Ž . Ž . Ž .H 
 
 0
0
 t , x   x , q t , x  q t , x  x dxŽ . Ž . Ž . Ž . 4Ž .
 
 0
 q t , 1  1  p t , 1  i 1Ž . Ž . Ž . Ž .
 0 
 0
 q t , 0  0  p t , 0  i 0Ž . Ž . Ž . Ž .
 0 
 0
2 2 i  
 
 const. t ,   t ,   const.Ž . Ž .
2 2Ž . Ž . t  tL 0, 1 L 0, 1
 q t , 1  1  p t , 1  i 1Ž . Ž . Ž . Ž .
 0 
 0
2 i
 const. t , Ž .
2 Ž . t L 0, 1
2 
 t ,   const., 0 t T , 
 0.Ž .
2 Ž . t L 0, 1
30Ž .
Then, by the relations
dw

a t  p t , 1  b t h r t  e 17Ž . Ž . Ž . Ž . Ž .Ž .Ž . 3
 2 
dt
i 1  b t h w  z boundedŽ . Ž . Ž . Ž .˜0 2 0
we obtain
dw

a r t  w  p t , 1  i 1  r t  wŽ . Ž . Ž . Ž .Ž .
 0 
 0 
 0dt
b t h r t  h w  r t  wŽ . Ž . Ž . Ž .Ž .2 
 2 0 
 0
 e z r t  wŽ . Ž .Ž .˜ 
 0

 p t , 1  i 1  q t , 1  1Ž . Ž . Ž . Ž .
 0 
 0
2dw
 const. const. t . 31Ž . Ž .
dt
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Ž . Ž .Using 31 , the inequality 30 gives us
1
 t , x   x , p t , x  p t , x  i xŽ . Ž . Ž . Ž . Ž .H 
 
 0
0
 t , x   x , q t , x  q t , x  x dxŽ . Ž . Ž . Ž . 4Ž .
 
 0
2dy
 const. t  const., 0 t T , 
 0. 32Ž . Ž .
dt X
Ž . Ž .Then, using 32 in 29 , we obtain
1
 t , x   x , p t , x   t , x   x , q t , x dxŽ . Ž . Ž . Ž .Ž . Ž .H 
 

0
2dy
 const. t  const., 0 t T , 
 0. 33Ž . Ž .
dt X
Ž . Ž .By the assumption A4 , the inequality 33 gives us
2 2   1
t , x   x , p t , x  t , x   x , q t , x dxŽ . Ž . Ž . Ž .Ž . Ž .H 
 
2 2 t  t0
2dy
 const. t  const., 0 t T , 
 0. 34Ž . Ž .
dt X
Finally, by the definition of  , using the assumptions of the problem, we
have
 r 0   w  h r 0  r 0  wŽ . Ž . Ž . Ž .Ž . Ž . Ž .
 0 2 
 
 0

b 0  r 0  b 0  w  b 0 h r 0  r 0  wŽ . Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž . Ž .
 0 2 
 
 0
 const., 
 0

b 0  r 0  const., 
 0 35Ž . Ž . Ž .Ž .

and
 r t   w  h r t  r t  wŽ . Ž . Ž . Ž .Ž . Ž . Ž .
 0 2 
 
 0

b t  r t  b t  w  b t h r t  r t  wŽ . Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž . Ž .
 0 2 
 
 0
 const., 
 0

b t  r t  const., 
 0, 0 t T . 36Ž . Ž . Ž .Ž .
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Ž . Ž . Ž . Ž .Therefore, by the relations 20 , 28 , and 34  36 , we deduce that
d dyt 

C s y s , s dsŽ . Ž . Ž .Ž .H 
 
¦ ;ds ds0 X
2dyt 
	const. s dsŽ .H ds X0
const., 0 t T , 
 0. 37Ž .
Ž . Ž .By the definition of the operator  t and using the assumption A2 we
have

 
 2² : t y , y  const. y ,  y X ,Ž . Ž .XX
38Ž .

 
 2² : t y , y 	 const. y ,  y X ,Ž . Ž .XX
and
d

 
t y  const. y ,  y X . 39Ž . Ž . Ž .Xdt X
Ž .In what follows, we differentiate Eq. P in the strong topology of X,
 1
and then we multiply by dy dt in X ; we obtain

1 d dy dy
 

 t t , tŽ . Ž . Ž .¦ ;2 dt dt dt X
1 d dy dy
 
 t t , tŽ . Ž . Ž .¦ ;2 dt dt dt X
d dy dF dy
 
 C t y t , t  t , t .Ž . Ž . Ž . Ž . Ž .Ž .
 
¦ ; ¦ ;dt dt dt dtX X
  Ž . Ž .We integrate over 0, t the above relation, and, using 37  39 , we have
2 2 2dy dy dyt
 
 

t  0  const. s  const.,Ž . Ž . Ž .Hdt dt dsX X X0
0 t T , 
 0. 40Ž .
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Ž .By Eq. P we obtain
 1
dy

0  const. C 0 y  F 0Ž . Ž . Ž .Ž .X
 0 Xdt X
 const. C 0 y  F 0  const.Ž . Ž .Ž .X0 X
Ž .Now using 40 , the above inequality, and the Gronwall lemma, we deduce
dy

t  const., 0 t T , 
 0;Ž .
dt X
Ž .Ž . 4 Ž  .that is, the set dy dt t ; 
 0 is bounded in C 0, T ; X and Lemma

2 is proved. Q.E.D.
Ž . Ž .Proof of Theorem 2 continuation . By P , using Lemma 2, we obtain
 1
dy

C t y t  F t   t t  const.,Ž . Ž . Ž . Ž . Ž .
 
 X dt X
0 t T , 
 0. 41Ž .
Ž .Now, we write P for 
 and , we subtract this equations, and then we

Ž . Ž .multiply the obtained relation by y t  y t in X ; we have
 
dy dy
 
 t t  t , y t  y tŽ . Ž . Ž . Ž . Ž .
 ¦ ;ž /dt dt X
 C t y t C t y t , y t  y t² :Ž . Ž . Ž . Ž . Ž . Ž .
 
   
  X
 C t y t C t y t , 
C t y t  C t y t² :Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .
 
   
 
   X
 const. 
  , 0 t T , 
,  0. 42Ž . Ž .
We consider the relation
d
 t y t  y t , y t  y tŽ . Ž . Ž . Ž . Ž .² :Ž .
  
  Xdt
d
 t y t  y t , y t  y tŽ . Ž . Ž . Ž . Ž .Ž .
  
 ¦ ;dt X
d
 2  t y t  y t , y t  y t . 43Ž . Ž . Ž . Ž . Ž . Ž .Ž .
  
 ¦ ;dt X
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Ž . Ž . Ž .Using 39 and 42 , the relation 43 gives us
d
 t y t  y t , y t  y tŽ . Ž . Ž . Ž . Ž .² :Ž .
  
  Xdt
2 const. y t  y tŽ . Ž .
  X
const. 
  , 0 t T , 
,  0.Ž .
  Ž .Integrating over 0, t and using 38 , we have
t2 2
y t  y t  const. 
   const. y s  y s ds,Ž . Ž . Ž . Ž . Ž .H
  
 X X
0
0 t T , 
,  0. 44Ž .
Ž .Using once again Gronwall lemma, 44 gives us
 lim y t  y t  0 uniformly in t 0, T .Ž . Ž .
  X
, 0
Ž . Ž . Ž  . Ž .Then, there exist y t  lim y t in C 0, T ; X , y col i,  , w . By
 0 

1, Ž .Lemma 2, yW 0, T ; X , and so
dy dy
  , as 
 0 in the weak star topology of L 0, T ; X .Ž .
dt dt
Therefore,
dy
C t y  F t   t ,Ž . Ž . Ž .
 
 dt
as 
 0, in the weak star topology of L 0, T ; X .Ž .
Ž . Ž . Ž .Because C t is maximal monotone, it follows that C t y F t 
Ž .Ž . Ž . Ž . Ž . t dydt ; that is, yD A is the solution unique of the problem P .
To complete the proof of Theorem 2, we must verify that i,  
Ž 1Ž ..L 0, T ; H 0, 1 . Let
     
t , x t , x , t , x  0Ž . Ž . Ž .
 x  x  xp t , x Ž .
 
0, t , x  0,Ž .
 x
 i  i  i
t , x t , x , t , x  0Ž . Ž . Ž .
 x  x  xq t , x Ž .
 i
0, t , x  0.Ž .
 x
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Ž .We multiply the equations of S by p i i and q  , we0 0
  Žintegrate over 0, 1 , and, by addition, after some computations similar to
.that used in the proof of Theorem 1 , we obtain
 i  1
t , x  t , x dxŽ . Ž .H
 x  x0
  t , 1  1  i t , 1  i 1Ž . Ž . Ž . Ž .0 0
  t , 0  0  i t , 0  i 0  const.Ž . Ž . Ž . Ž .0 0
  t , 1  1  i t , 1  i 1  const., 0 t T .Ž . Ž . Ž . Ž .0 0
45Ž .
Then, using the relations
 
a t t , 1  i t , 1  b t h  t , 1  e tŽ . Ž . Ž . Ž . Ž . Ž .Ž .2 t
i 1  b t h  1  z t ,Ž . Ž . Ž . Ž .Ž . ˜0 2 0
we obtain
 i t , 1  i 1   t , 1  1  const., 0 t T . 46Ž . Ž . Ž . Ž . Ž .0 0
Ž . Ž .By 45 and 46 we have
 i  1
t , x  t , x dx const., 0 t T .Ž . Ž .H
 x  x0
Ž 1Ž .. ŽSo,  i x and   x L 0, T ; L 0, 1 . Because i,   L 0, T ;
2Ž .. Ž . Ž .L 0, 1 , we deduce that i,   L 	 . Using the assumption A1 , it
Ž . Ž . Ž 2Ž ..follows that  , i and  ,  are in L 0, T ; L 0, 1 , and by the equa-
Ž . Ž 2Ž ..tions of S we deduce that  i x,   x L 0, T ; L 0, 1 . Hence
Ž 1Ž ..i,   L 0, T ; H 0, 1 , and Theorem 2 is completely proved. Q.E.D.
4. AN APPLICATION
Ž  .We consider the problem see 4
 i  
L   R t i eŽ . 0 t  x
SŽ . 0    i
C  G t   0, 0 x 1, 0 t T ,Ž .
 t  x
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with
R i t , 0  t , 0  0Ž . Ž .0
 BCŽ . 0
i t , 1  C t , 1  b t f  t , 1 , 0 t T ,Ž . Ž . Ž . Ž .Ž .1 0 t
and
IC i 0, x  i x ,  0, x  x , 0 x 1.Ž . Ž . Ž . Ž . Ž .0 0 0
Ž . Ž .The functions i t, x and  t, x denote, respectively, the current flowing
in a transmission line at time t and distance x down the line and the
voltage across the line at t and x. The functions i and  satisfy the
Ž .telegraph equations S . The elements L 0, R	 0, C 0, G	 0 are0
the inductance, resistance, conductance, and capacitance per unit length of
the line, and e is the voltage per unit length impressed along the line in0
Ž .series with it. This line is terminated at the ends by a linear for x 0 and
Ž . Ž . Ž .a nonlinear for x 1 circuit elements, described by BC and BC .0, 1 0, 2
Ž Ž ..Here f  t, 1 represents a nonlinear resistance, and R  0, C  0 are0 0 1
the resistance and the conductance per unit length of the ends of the line.
Ž .Adding the initial conditions IC , we obtain a particular case of our0
Ž . Ž . Ž .problem S , BC , IC . So, we have
Ž . Ž .PROPOSITION. Assume that the functions R, G, and b satisfy A3  A4 ,
L, C, R , C  0. If f is continuous and nondecreasing from  into ,0 1 0
1, 2Ž 2Ž .. 1Ž . Ž . Ž .e W 0, T ; L 0, 1 , i ,  H 0, 1 , R i 0  0  0, then the0 0 0 0 0 0
Ž . Ž . Ž . Ž . 1, Žproblem S , BC , IC has a unique solution col i,  W 0, T ;0 0 0
Ž 2Ž ..2 . Ž .L 0, 1 , with the properties of 13 .
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